Lecture 6

7. HARMONIC CURRENT CIRCUIT
CALCULATION METHODS
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7.1. Peculiarities of |
As mentioned above, the method of direct solutionlof filffe?rentfl‘al
equations can be used to calculate the simplest e!ectnc mfcmtfs, ((:)11;
example, circuits of the first order. However, evc:n in thel .;:3;: ?n eilzlod
ircuits icati f the complex ampli
circuits we can see that apphcatlon. 0 : (
significantly simplifies the calculations. In calcciulatlon hof cc;rr;;;lslgﬁﬁi
ircui igher orders such as
branched circuits of the second and highe 1 ' ant
i i i i istor in the linear mode is replace
transistor amplifier, in which the transis :
by the equivglent substitutional circuit, or a three-pha.se asynch;ontz;;
motor power circuit, in which each phase of thi:1 tg;otort{s ]a szc;oat':i(;gg !
ircui i i f differential e
circuit, the method of direct solution o o
ic. i i ly method that can be use
ractically impossible to apply. The only : i
Eal;ulate }c,:ircuits of this kind is the complex ampllmde method [1 1't IIZ]r.e
coaet “"l‘ér‘f‘g with harmonic current circuits, direct current Circuits .
widely used in practice. The calculation of such clrcuxgs re(g};ZZi
solution of algebraic equation systems only. As compare . *t(;l asl .
current circuits, the calculation of harmonic current circuits
following features: '
1) dependence of the currents and voltages on the frequency; _
2) dependence of impedances and conductances on thfa frequency; i
3) the need to take into account the phase relationships between the

currents and voltages;
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4) circulation of reactive power between the active and passive
clements of the circuit;

5) resonant phenomena.

The dependence of the resistances on the frequency can be
represented by Table 7.1. As we can see from Table 7.1 the inductance
L in a harmonic current circuit is equivalent to the resistance JoL, and in
a direct current circuit it is equivalent to a short-circuit as the frequency
in a direct current circuit is ® = 0. The capacity C in a harmonic current
circuit is equivalent to the resistance 1/joC, and in a direct current
circuit it is equivalent to a broken circuit (no load).

Table 7.1
Element Circuit DC circuit AC circuit
i ? i r ]m r
Resistance |:] : :
u u u,
ol Y Y\, ge—— m
Inductance ~ v short circuit ~ v
u u=0 m
1
(3 —_—
i =0 1 joC
Capacitance | ‘ l > | o— idling —o 0_.'"__' ’__o
N I u= L/id
u \T]———'

The active resistance » has the same resistance  in both direct and
harmonic current circuits.

7.2. The Equivalent Complex Circuit

In (3.4) the general procedure for calculating a harmonic current
circuit by the complex amplitude method was presented.
In this case, as it was pointed out, we have to build an equivalent

complex circuit (ECC). Let us consider the procedure of obtaining the
EEC.. .
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| From (7.1) and (7.2) we get the ECC (Fig. 7.2).

| Here the currents are: 2

In Fig. 7.1 a three-phase asynchronous motor (AM) power circuit is
| Elm

shown. |

5 ‘ 1 e | I %4y = I, cos (@1 +, ); z Am
—Y Y —oA i : ;

B nogy m 1m2 =i = acos(0r ) o=
ey z
oo T | Ins 1= 15008 (0 +53). ’

i 2 ry i Y L
| H C, i g 1% Esm
:: ; Hence, the procedure of obtaining —@—:‘—r—
—@M‘——{:}—‘| o e T the ECC is the following: Z L
bL = f 1)select the  conventionally

= s Gi A Seleek _ Fig. 7.2
R : positive directions of the currents in
Fig. 7.1 ' the branches of the original circuit;
; : 2) use the same trigonometric representation for the instantaneous
. ST resistances r, :
Here the three motor E’mdglgs RS trepre:?teg b)(/:the ' ‘ values of harmonic currents, voltages and EMF: all of them should be
3 and capacitances Cj, C2, C3. S : : . S
14, F3, inductances L11 \ Lé;r cil and rep;) i by’the hree-phase voltage exp;essec} elthﬁ;:‘ in terms of sine mi in tert{ns ;)f cosmedftmctlons, ;
The power-supp yad - euit is represented by the resistances ra, 7, 71 )rep al::e the Instantaneous values of voltages and currents, voltages
ith L P, ¥ o : . S
source e;, &, ;. The load cir fp three-phase systemn. In ferms of ) and EMF y their images in terms of complex an_1p11tudes, as it talfes
The voltage sources ey, €3, €3 form a three-p place, the directions of the voltages and currents in the ECC coincide
complex amplitudes their images can be written as with the directions of these values in the original circuit

Thus, the order of circuit calculation by the complex amplitude
method can be defined as follows:
‘ 1) building an equivalent complex circuit (ECC);
AT - ;'3355' (7.1) 2) setting up a system of algebraic equations in complex form and solve it;
e, = Emcos[(ot—?) zEm=Ee °; ' 3) moving from the images of unknown quantities in complex form
. to the originals in real-valued form (obtaining the instantaneous values

é =EmCOSUJI =Em :Em;

2n

5 oy A = | of these quantities);
ey =Emcos(mt+—3——]?5m3 =E.e " . ) 4) verifying the correctness of calculation using the active-power
_ ' balance and reactive-power balance conditions.

The complex impedances of the phases of the circuit are: Consider the main methods of setting up and solving complex

- i equations of the circuit.

Zy=n¥nT] (“’Ll mq)’ 7.3. The Kirchhoff Equation Method

| ) kW (7.2) The method is based on direct application of Kirchhoff’s current and
1Zy=nr+1p +j| ol oC, ) voltage laws. Here, the maximum number of Kirchhoff's current law
1 _ equations is set up. The remaining equations are set up on the basis of
{Za =r+ry+ J'(Q)L3 —?o-C_J Kirchhoff's voltage law. Currents in the branches are independent

values. The number of equations in the system equals the number of
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branches in the network. We can define the following calculation
procedure by the Kirchhoff equation method:

1) select the conventionally positive directions of currents in the
branches;

2) select the independent nodes of the network; select the node in
which the greatest number of branches converge as the basic node;

3) set up g—1 Kirchhoff's current law equations for the independent
nodes (g — total number of the network nodes);

4) select the independent loops of the network; remember that a
branch with an ideal current source does not form a separate loop;

5) select the path-tracing directions of the loops;

6) set up p — g + 1 Kirchhoff’s voltage law equations for the independent
loops (p — number of the network branches);

7) solve the obtained system of equations of Kirchhoff's current and
voltage laws together; find the currents in the branches; if the signs of the
calculated currents are negative in some of the branches, the actual direction
of the currents in these branches is opposite to the selected one;

8) using the found values of currents in the branches and their known
resistances, determine the voltages in these branches.

7.4. The Loop Current Method

The Kirchhoff equation method requires setting up and the solution
of a system of equations the number of which is equal to the number of
the branches in the network. To simplify the process, we can reduce the
number of the system of equations breaking the calculation into two
stages. At the first stage, intermediate, auxiliary variables called loop
currents are calculated. At the second stage, currents in the branches are
calculated Via the loop currents. The loop currents are referred to as
determining variables because currents in the branches are determined
through them. Hence, the loop current method is considered to be a
method of determining variables. The essence of the loop current
method consists in setting up and solving a system of Kirchhoff's
voltage law equations. Such equations are set up for independent loops.

Consider the network of an electric circuit shown in Fig. 7.3.

Convert the current source J,, into the voltage source B =tk
(Fig. 7.4).
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Fig. 7.4

Select the gonventionally positive directions of currents in the
branches 7, —1,,. We will denote the nodes of the network by 1-4.
We get the graph_of tl}e network (Fig. 7.5). Select the tree of the graph
by the branches /,,,,1,,,, 1, (the ribs of the tree are solid lines). Point
out thre chords of the graph (the dotted lines). Denote the chords by
Ly =1, - Each of the chords together with the edges of the graph
forms an independent loop. These loops are shown in Fig. 7.4 and
denoted by I-III. The currents of the chords 7, —1 ., are called the

loop currents of the loops I-III in Fig. 7.4. The directions of the loop
currents are shown by arrows.
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We can see from the graph in Fig. 7.5 that

i ,:,6 in the branches of the

35
1&"_2'—’_}3 network in Fig. 7.4 can be expressed in

| Ima In6 | terms of the contour currents I,,;— 1,

S the currents 7

Iml =4 Imz '_'Iml*ImHI; Im} =Im1'ﬂ;

TER Y Im /Lmm Ly=Li=ILy; Lis=1n; Lne =Ly~ L

\ J (7.3)
/ : But the number of loop currents, as well

\ as the number of independent circuits, is
\ NB /4 less than the number of branch currents.
Hence, the order of the system of equations

Fig2:3 is reduced and the calculation is simplified.

Determine the loop currents in the network -in Fig. 7.4. Kirchhoff’s
voltage law equations for loops I —III can be written as:

T +[}m1-}mnjz4 —ém4+(fm,—1mm)zz —Em2=0;

] }ml] Zs —f'3m5+[}mu—fmmJZ(, +Enr4+[ImII'_ImI)Z4 =0;

Lf}m2+(}mﬂl_.-{ml)zz +[}mm—lmﬁ)ze +.[ran.I 23 =0.

or

(Z,+2Z, +Z,) Int—Z4 Int— Zy Iniu = En2+ Eoms;
—24}ml+(z4 +ZS+ZG)}mII_Zﬁlm[ﬂ=En15—Em4; (7'4)
—Z, Im—Z, Tnn+(Zy + Z; + Zg) I == Em2.

Here the values
2y =2+ Zy+ 2y Ly =2y + Zs+ 2, 23 =2) + 7, +. B
are called the intrinsic impedances of the I-st, II-nd and III-rd loops
respectively.
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Thus, the intrinsic impedance of a loop is the sum of the impedances
of the branches included in this loop. The values

Zy=2Zy==Zyly3=2y=~Z,, 2y, =7y ==Z

are called mutual impedances between the I-st and II-nd, I-st and II-rd,
Il-nd and III-rd loops respectively. Thus, the mutual impedance between
two loops represents the sum of the impedances of the branches

included simultaneously in both circuits, taken with the inverse sign.
The EMFs

EmI =Em2+ Em4’ EmH =Em5—Em4’ EmIH :-—»‘Em2

are called loop EMFs of the I-st, II-nd and IlI-rd loops respectively.
They represent the algebraic sum of EMFs included in the branches of
the loop and taken with a plus sign if the direction of the EMF coincides
with the selected direction of the loop path-tracing, and with a minus
sign if the direction of the EMF is opposite to the direction of the loop
path-tracing.

In the general case of N independent loops we can write the system
of equations ‘

Z”Iml'i“‘leImH‘I"""‘ZlN.[mN ZEMI;

JZy Im+Zyy Inmu+---+ Zy Inv = Ei

._ZNI]mI+ZN2ImH+'“+ZNNIMN =EmN.

Or in matrix form

le le Zw ml Eml
Z Zn o Doy | | _| B (7.5)
Zyy Zyy Zyy me EmN
That is
ZI=E,




S)set up a system of loop equations in matrix form for the

wlate independent loops;
7 7 . Z 6) solve the system of equations with respect to the loop currents;
R W 7) express the branch currents in terms of loop currents;
e Zy Zyp - Iy | loop-impedance matrix (LIM); 8) using Kirchhoff's current law, find the currents in those branches
a TR of the original circuit that were transformed during the transformation of
T Ty v By the current sources into the voltage sources.
- The advantage of the loop current method: as the equations are set
' [ i up only according to Kirchhoff’s voltage law, the necessary number of
! . equations is less by ¢ — 1 than in the Kirchhoff equation method.
it | I = L | _ matrix-column of the loop currents (MLC);
‘ : 7.5. The Node Voltage Method
I I 1 The node voltage method is also considered to be a method of
| . determining variables. The determining variables in terms of which the
| | E,; branch currents in the network are then calculated are node voltages

measured for the independent nodes with respect to the basic one.
The essence of the node voltage méthod consists in setting up and
solving a system of Kirchhoff's current law equations. Such equations

o Enn | __ matrix-column of the loop EMF (MLE).

E 4 are set up for independent nodes. 7
F lving the system (7.5) we can use Consider the electric circuit presented in Fig. 4.3, which has already
or solving the . ‘ o .
i . - A ‘, been analyzed. Convert the voltage sources with the EMF Ema, Ens into
I "..:él— I :—2— ...,INzﬁ'i, (7'6) .
‘ m =0 N m A current sources:
' where A — determinant of the LIM; A, A, ..., A6y — determ.inants ' I 4= Ema =¥, E 4 I = Ewns =¥ E 5
% obtained from A by replacing the 1-st, 2-nd, ..., N-th column with the L, ey e
', matﬁix'?o{gm;:ti‘g-lﬁed the loop currents by (7.6), we can calculate Also convert the branch impedances into admittances:
| avin,
. ‘ 1 1 1 1 1 1
currents in the branchesﬁ’om(7-3)and(7-4).' . ) F=—; h=—; V,=—; ¥=—: Viz=—: V. =—_
Thus, it is possible to define the following calculation pjroqeldm e\ by 1 Z, * 72 7 > 73 Z. ¥ =4 Z %5 z.’ 6 Z,
d: LA (@ ¥ ‘ . :
the loop clurientth I:eg;?wentionally positive directions of the “branch ~Denote the nodes by I-II, 0. We will get the converted diagram
1) selec ’ (Fig. 7.6). Construct a graph of this diagram (Fig. 7.7). In so doing, we will
cun'ze)nf;nvert all the current sources into equivalent voltage sources; . take the \'foltag'es be.tween the nodes as the branches of the graph. The
3) select the independent loops of the network; . voltages Umi, Um2, Uns between nodes I, II, III and node 0 (Fig. 7.6) are

f | 4) select the path-tracing directions of the loops: either clockwise or

counterclockwise for all; denoted by U ml, U w11, Ummn respectively (Fig. 7.7).
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Select the tree of the graph through the branches U i, U mll U wmn (solid

lines). Point out the chords of the graph I.JTm4, i]mﬁ : [-Imﬁ (dotted lines).

VoI
/)'\'\ JmE
a7
A ImS
LI >
y \..__,/' .
Jm4 U ‘}’6 Imﬁ
1 5 e 11
&7 il
. ¥ \_'/1 "Im3
I’"4 1:14 Umﬁ
e v 1., G . U
Y 7

=<

4 Um4 . Y "
[‘f:-': 1 Umz .
i
4

Fig. 7.6
We can see from the graph of Fig. 7.7 that the branch voltages

Uni—Unms can be expressed in terms of the voltages Unnr, Unit, Upni :

[J.ml = Ur'nl > Um.z = Un.rli ; Um? = m.]I[; ) ' . (77)
Um4 = Uml = Umll > Umﬁ = Uml_ Umm; Um6 = Um]l_ UmlI[ :
Nodes I — III of the networks art called independent nodes, node 0 —

the basic node. The voltages U,;,U,;,U,m between the independent

nodes and the basic one are called node voltages. We can see from (7.7)
that the branch voltages can be expressed in terms of node voltages.

The number of node voltages, as well as the number of independent
nodes, is less than the number of branches of the network. Hence, the
order of the system of equations is reduced and the calculation is
simplified.
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Fig. 7.7

' Let us determine the node voltages in the network of Fig. 7.6.
Kirchhoff's current law equations for the nodes I — III can be written as

‘Y;Uml +K1 (UmI _Um[[)-l_ys (Um! _Uml'll) +jm4 +jm5 =0;
=¥, ((jml _[}mﬂ)+Y2UmH +Yé (Umﬂ HUmlﬂ)+jm2 _jmrl =0;
_Y6 (Um]:[ —Umﬂl) + YSUmIII = Y; (Uml _Umﬂl‘t;l"mHL) =i jﬁ!S =0

or

( . . -
(B +Y+ ) U~ U, =Y Uy = =T R 55

LV, U, +(5+Y,+)U

m

=Y Ui == o s (7.8)

'—Y; UmI_YG Umﬂ+(Y3 +Y5 +Y6)Umﬂl =Jm5'
The system (7.8) can be rewritten in the form:
B U+ Y Upnt By Uty = 4 s

J Yzl UmI+YZZ UmH+Y23 Uml_[[ . J;,u;

LU+ LU+ YUy =S -
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Here the values
%, =K +Y,+F, Yy =h+h+X, =L +L+Y

are called self-admittances of the I-st, Il-nd and II-rd nodes
respectively. Thus, the self-admittance of a node represents the sum of
the admittances of the branches converging to this node. The values

Ho =1y =Y, Y=Y ==X, Y=Y, ==K

are called mutual admittances between the I-st and II-nd, the I-st and
[lI-th, and the II-nd and III-th nodes respectively. Thus, the mutual
admittance between two nodes is the sum of the admittances of the
branches connecting these nodes and taken with the inverse sign.

The currents
jmll =_jm4_j 55 Jmn=—Jm2+jm4§ jm]I[:ij

™.

are called nodal currents of the I-st, Il-nd and III-rd nodes respectively.
They represent the sum of the currents of the current sources converging
to a given node and taken with a plus sign if the currents are directed to
the node, and with a minus sign if the currents are directed from the

node.
In the general case of N independent nodes, we can write the

following equation system:
Y Ut Y Ut + By Uy =i
Y;l Uml+ Y22 Umll+' -t YZN UmN = ‘jmll;

Y Ut Y2 U+ + Yy Upn = -

Or, in matrix form
Yil Kz Y]N UmI Jml

Y21 YZZ Y:?N L Um[[ 1.5 jm]l (79)

Yo Yoo = Y LU,,,N ij

that is
YU= [,
where
Kk YiZ };N
W, e F
y=|"2" % ¥ | _ node admittance matrix (NAM);
Yy Yyo - YNN
UmI
3 o U'mﬂ <
U= = matrix-column of nodal voltages (MNV);
_UmN o
JmI
J=|J "”H — matrix-column of nodal currents (MNC).
_.JMN -
The system (7.9) can be solved by means of determinants

. FAVI A . A
Uml =_1:UMH =-—Z-,-~-,UH1N :._..N..-. -
A A A

where A — determinant of NAM; A, A,, ..., Ay — determinants obtained
by replacing the 1-st, 2-nd, ... ; N-th columns by the matrix-column MNC.

Having determined the node voltages from (7.7), we can calculate
the branch voltages and then the branch currents.

Thus, the following procedure can be suggested for calculation using
the node voltage method:

1) select the conventionally positive direction of currents in the branches;

2) convert all voltage sources into equivalent current sources, and
resistances — into conductances;

3) select the conventionally positive direction of the branch voltages;

4) select the independent nodes of the circuit, indicate the basic node;

5) set up a system of node equations in matrix form for the
independent nodes;
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6) solve the system of node equations with respect to the node voltages; according to Kirchhoff’s voltage law, taking account of the chosen loop
7) express the branch voltages in terms of node voltages; tracing directions.
8) find the branch currents via branch voltages;
9) using Kirchhoff's current law, find the currents in the branches of Forthe loop E~R —R, —~Cy:=E+ IR +I,R, —I,—
the original circuit that were transformed during the transformation of Sy

the voltage sources into the current sources. - . 1
The loop current method and the node voltage method are dual. Fow the loop £y =Ry =By I jac, + 1Ry + IR = 0.

=0.

Example 1
p For the loop E—R —C|—Ry: -E+ILR —1’2%+1'6R‘5 =0.

Set up a system of equations using the Kirchhoff equation method JoC,
for the electric circuit shown in Fig. 7.8.

b ]G
L

For the loop R, —C; —R:— IR, +1, + IR, =0.
3
These eight equations constitute the full (consistent) system of

equations for the circuit.

i
o —F

Fig. 7.8

Solution

The circuit has five nodes(g=5), node 0 being the basic, and the
other four — independent. The four equations are set up in accordance
with Kirchhoff’s current law:

fornode 1: [, —1,-1;=0;

fornode2: I, —I;—1,=0;

for node 3: I; -1, —-I;=0;

for node 4: I+ 1, —1; =0.

The circuit consists of eight branches (p=8). Then the number of

| independent loops is p—g+1=4. The other four equations are set up
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